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Marginal Uncertainties and Samples
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Case study: Wind propagation1
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Case study: Wind propagation
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Reasoning about (un-)supervised learning is hard!

• What makes a model good?

• The marginal likelihood is not enough

• We can find good models with respect to some prior

• Why do we use badly understood priors then?

• Why do we ask for good performance relative to wrong priors?

Do we use priors as proxies for tasks?
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Case Study: Bayesian Optimization2

Bayesian Optimization

• Task: Find the minimum of some function 𝑓 given few observations

𝐱∗ ∈ argmin
𝐱

𝑓 (𝐱)

• Assume Bayesian prior 𝑓 ∼ 𝐺𝑃(⋅, ⋅) and derive a posterior

• Use some acquisition function to translate to belief about minimum
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Case Study: Bayesian Probabilistic Numerics3

Bayesian Quadrature

• Task: Approximate a definite integral over 𝑓

𝑄(𝑓) = ∫
𝑏

𝑎
𝑓(𝑡) d𝑡

• Assume Bayesian prior for 𝑓, gather 𝐽 observations of 𝑓

• Derive a posterior belief about 𝑄(𝑓)

Assume 𝑓 ∼ 𝐺𝑃(0,min(⋅, ⋅)). Then the posterior marginal for 𝑄(𝑓) is

𝒩 (
1
2

𝐽−1
∑
𝑗=1

(𝑧𝑗+1 + 𝑧𝑗)(𝑡𝑗+1 − 𝑡𝑗)
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

Trapezoidal rule

,
1
12

𝐽−1
∑
𝑗=1

(𝑡𝑗+1 − 𝑡𝑗)3)

3Oates and Sullivan 2019.
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Quantities of Interest

Latent function Data

Quantity of Interest
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𝒬
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Quantities of Interest

Quantity-of-Interest-function

Information operator

Numerical Method

𝒰 𝒴

𝒬

Y

Q
B

Bayesian belief about𝒰 and𝒴 can be translated in belief about 𝒬.
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Reinforcement Learning

Reinforcement Learning

• Task: Find a policy 𝜋∗ with maximum value wrt. a system 𝑓 and reward 𝑟

𝜋∗ ∈ argmax
𝜋

𝔼[𝐽 𝜋(𝐬0)] =
𝑇

∑
𝑡=1

𝛾 𝑡 𝔼p(𝐬𝑡)[𝑟(𝐬𝑡)]

• Assume Bayesian prior 𝑓 ∼ 𝐺𝑃(⋅, ⋅) and derive a posterior

• Use (stochastic) roll outs in the optimization problem

Agent

System

Action

𝐚𝑡
State

𝐬𝑡

Reward

𝐫𝑡

𝐬𝑡+1

𝐫𝑡+1
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Graphical Model for RL

Policy

Dynamics
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Graphical Model for RL
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𝜋
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Graphical Model for RL
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Graphical Model for RL

Deep GP

Likelihood?
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Quantities of Interest in Reinforcement Learning

𝒰 𝒴

𝒬

Y

Q
B

Probabilistic Numerics Reinforcement Learning

𝒰 Latent function True system-dynamics

𝒬 Definite Integral Optimal value

𝒴 Function evaluations Batch/Online data

𝑄 ∶ 𝒰 → 𝒬 Integration Bellman principle

𝑌 ∶ 𝒰 → 𝒴 Observation Exploration

𝐵 ∶ 𝒴 → 𝒬 Quadrature Policy search
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A lower bound for the optimal value

Bounds from both sides

Assuming thatmax𝐬 𝑟(𝐬) = 0, then

∀𝐬∀𝝅 ∶ 𝐽 𝜋(𝐬) ≤ 𝐽∗(𝐬) ≤ 𝐽max ≔
𝑇

∑
𝑡=0

𝛾 𝑡 ⋅ 0 = 0

𝐽 𝜋 𝐽∗ 𝐽max ℝ
const

p(𝐉∗ | 𝐬0) = ∫ p(𝐉∗ | 𝐉)⏟⏟⏟⏟⏟⏟⏟⏟⏟
Likelihood

p(𝐉 |𝝅∗, 𝐬0, 𝐟)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
Trajectory

p(𝝅∗, 𝐟)⏟⏟⏟⏟⏟⏟⏟⏟⏟
System

d𝐉 d𝝅∗ d𝐟 d𝐬0,

≥ ∫ p(𝐉max | 𝐉) p(𝐉 |𝝅∗, 𝐬0, 𝐟) p(𝝅∗, 𝐟) d𝐉 d𝝅∗ d𝐟 d𝐬0,
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A variational bound for RL

Deep GP variational bound

log p(𝐉∗ | 𝐬0) ≥ log∫ p(𝐉max | 𝐉)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
Likelihood

p(𝐉 |𝝅∗, 𝐬0, 𝐟) p(𝝅∗, 𝐟)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
Deep GP

d𝐉 d𝝅∗ d𝐟 d𝐬0

≥ 𝔼q(𝐬0,…,𝐬𝑇)[log∫ p(𝐉max | 𝐉) p(𝐉 | 𝐬0, … , 𝐬𝑇)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
Reward

d𝐉] − klterm

= 𝔼q(𝐉)[log p(𝐉max | 𝐉)] − klterm,

With the exponential likelihood and 𝜆 = 1

p(𝐉max | 𝐉) ≔ 𝜆 exp(−𝜆(𝐉max − 𝐉)) = 𝜆 exp(𝜆𝐉)

we have

𝔼q(𝐉)[log p(𝐉max | 𝐉)] − klterm = 𝔼q(𝐉)[𝐉] − KL(q(𝝅∗) ‖ p(𝝅∗)) + const,
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Case Study: MountainCar
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Case Study: MountainCar

Mean sampled action
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Case Study: MountainCar
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Summary

Summary

• I have a hard time reasoning about (un-)supervised learning

• Task-based uncertainties might be a way out

• Probabilistic Numerics formulates a nice framework

• Let’s apply it to all the things!

Let’s use this!
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